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Abstract. Multidimensional model describing the " cosmological" and/ or spher- 
ically symmetric configuration with (n + 1) Einstein spaces in the theory with 
several scalar fields and forms is considered. When electro-magnetic composite 
p-brane ansatz is adopted, n "internal" spaces are Ricci-flat, one space Mq has 
a non-zero curvature, and all p-branes do not "live" in Mq, a class of exact solu- 
tions is obtained if certain block-orthogonality relations on p-brane vectors are 
imposed. A subclass of spherically-symmetric solutions containing non-extremal 
p-brane black holes is considered. Post-Newtonian parameters are calculated 
and some examples are considered. 
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1 Introduction 

The necessity of studying multidimensional models of gravitation || is mo- 
tivated by several reasons. First, the main trend of modern physics is the 
unification of all known fundamental physical interactions: electromagnetic, 
weak, strong and gravitational ones. During last decades there was a signif- 
icant progress in unifying weak and electromagnetic interactions, some more 
modest achievements in GUT, supersymmetric, string and superstring theories. 

Now theories with membranes, p-branes and more vague M- and F-theories 
[H §i @i Hi being created and studied. Having no any definite successful 
theory of unification now, it is desirable to study the common features of these 
theories and their applications to solving basic problems of modern gravity. 

Second, multidimensional gravitational models, as well as scalar-tensor the- 
ories of gravity, are the theoretical framework for describing possible temporal 
and range variations of fundamental physical constants These ideas origi- 
nated from earlier papers of P.Dirac (1937) on relations between fenomena of 
micro and macro worlds and up till now they are under a thorough study both 
theoretically and experimentally. 

Bearing in mind that multidimensional gravitational models are certain gen- 
eralizations of general relativity which is tested reliably for weak fields up to 
0,001 (they may be viewed as some effective scalar-tensor theories in simple 
variants in four dimensions) it is quite natural to inquire about their possible 
observational or experimental windows. ^From what we already know, among 
these windows are : 



- possible deviations from the Newton and Coulomb laws, 

- possible variations of the effective gravitational constant with a time rate 
less than the Hubble one, 

- possible existence of monopole modes in gravitational waves, 

- different behaviour of strong field objects, such as multidimensional black 
holes, wormholes and p-branes, 

- standard cosmological tests etc. 

As no accepted unified model exists, in our approach we adopt simple, but 
general from the point of view of number of dimensions, models based on mul- 
tidimensional Einstein equations with or without sources of different nature: 

- cosmological constant, 

- perfect and viscous fluids, 

- scalar and electromagnetic fields, 

- plus their interactions, 

- fields of antisymmetric forms (related to p-branes) etc. 

Our main objective was and is to obtain exact solutions (integrable models) 
for these model self-consistent systems and then to analyze them in cosmological, 
spherically and axially symmetric cases. In our view this is a natural and most 
reliable way to study highly nonlinear systems. It is done mainly within the 
Riemannian geometry. Some simple models in integrable Weyle geometry and 
with torsion were studied also. 



1.1.1 Absolute G measurements 

The value of the Newton's gravitational constant G as adopted by CODATA in 
1986 is based on Luther and Towler measurements of 1982. 

Even at that time other existing on lOOppm level measurements deviated 
^from this value more than their uncertainties p^ . During last years the situa- 
tion, after very precise measurements of G in Germany and New Zealand, became 
much more vague. Their results deviate from the official CODATA value from 
600 ppm at minimal to 630 ppm at maximal values. 

As it is seen from the most recent data announced in November 1998 at 
the Cavendish conference in London the situation with terrestrail absolute G 
measurements is not improving. The reported values for G (in units of 10"^"'^) 
and their estimated error in ppm are as follows: 



1.1 Problem of Stability of G 
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This means that either the hmit of terrestrial accuracies is reached or we have 
some new physics entering the measurement procedure [O, First means 

that we should shift to space experiments to measure G p5| | and second means 
that more thorough study of theories generalizing Einstein's general relativity is 
necessary. 

1.1.2 Data on temporal variations of G 

Dirac's prediction based on his Large Numbers Hypothesis is G/G = (— 5)10~^^ 
year^^. Other hypotheses and theories, in particular some scalar-tensor or mul- 
tidimensional ones, predict these variations on the level of 10""'^^ — 10""'^'^ per year. 
As to experimental or observational data, the results are rather nonconclusive. 
The most reliable ones are based on Mars orbiters and landers (Hellings,1983) 
and on lunar laser ranging (MuUer et al., 1993; Williams et al., 1996). They 
are not better than 10~^^ per year [^. Here once more we see that there is a 
need for corresponding theoretical and experimental studies. Probably, future 
space missions to other planets will be a decisive step in solving the problem of 
temporal variations of G and defining the fates of different theories which predict 
them as the larger is the time interval between successive measurements and, of 
course, the more precise they are, the more stringent results will be obtained. 

1.1.3 Nonneviftonian interactions (EP and ISL tests) 

Nearly all modified theories of gravity and unified theories predict also some 
deviations from the Newton law (ISL) or composite-dependant violation of the 
Equivalence Principle (EP) due to an appearance of new possible massive parti- 
cles (partners) . Experimental data exclude the existence of these particles 
nearly at all ranges except less than millimeter and also at meters and hundreds 
of meters ranges. The most recent result in the range of 20-500 m was obtained 
by Achilli et al |l^. They found the positive result for the deviation from the 
Newton law with the Yukawa potential strength alpha between 0,13 and 0,25. 
Of course, these results need to be verified in other independent experiments, 
probably in space ones. 

1.2 Multidimensional Models 

The history of multidimensional approach starts from the well-known papers of 
T.K. Kaluza and O. Klein |l^ on 5-dimensional theories which opened an 
interest (see [^0[ ^ ^ ) to investigations in multidimensional gravity. These 
ideas were continued by P.Jordan who suggested to consider the more general 
case ^ const leading to the theory with an additional scalar field. The papers 
[ p^ p9| , p4| were in some sense a source of inspiration for C. Brans and R.H. Dicke 
in their well-known work on the scalar-tensor gravitational theory After 
their work a lot of investigations were done using material or fundamental scalar 
fields, both conformal and nonconformal (see details in j|]). 



The revival of ideas of many dimensions started in 70th and continues now. 
It is due completely to the development of unified theories. In the 70th an 
interest to multidimensional gravitational models was stimulated mainly by: i) 
the ideas of gauge theories leading to the non-Abelian generalization of Kaluza- 
Klein approach and by ii) supergravitational theories |26[ In the 80th the 
supergravitational theories were "replaced" by superstring models Now it is 
heated by expectations connected with overall M-theory or even some F-theory. 
In all these theories 4-dimensional gravitational models with extra fields were 
obtained from some multidimensional model by a dimensional reduction based 
on the decomposition of the manifold 

M = X M,nU 

where is a 4-dimensional manifold and Mint is some internal manifold 
(mostly considered as a compact one). 

The earlier papers on multidimensional cosmology dealt with multidimen- 
sional Einstein equations and with a block-diagonal cosmological metric defined 
on the manifold M = IR x Mo x ... x Af„ of the form 



g = -dt (g) + ^ al{t)g'' 



r=0 



where {Mr,g^) are Einstein spaces, r = 0, . . . , n [Q-||6^. In some of them a 
cosmological constant and simple scalar fields were used also |104[ |. 

In |4^, H, 1^, |l|, 1^, |69[ the models with higher dimensional "perfect- 



fluid" were considered. In these models pressures (for any component) are pro- 
portional to the density 

/ Ur 

Pr= [1- -r 



dr 

r = 0, . . . , n, where dr is a dimension of Air- Such models are reduced to pseudo- 
Euclidean Toda-like systems with the Lagrangian 



m 



2 

fe=i 

and the zero-energy constraint E = 0. In a classical case exact solutions with 
Ricci-flat (M^, g^) for 1-componcnt case were considered by many authors (see, 
for example, |5l|, |7^, |9^ and references therein). For the two 

component perfect-fluid there we re so lutions with two curvatures, i.e. n — 2, 
when (di, c?2) — (2, 8), (3, 6), (5, 5) |]l06| and corresponding non-singular solutions 



from 1 141]. Among the solutions flOq] there exists a special class of Milne- type 



solutions. Recently some interesting extensions of 2-component solutions were 



obtained in |107| 



It should be noted that the pseudo-Euclidean Toda-like systems are not well- 
studied yet. There exists a special class of equations of state that gives rise to 
the Euclidean Toda models. First such solution was considered in llTOi for the Lie 



algebra 02. Recently the case of a„ = s?(n + 1) Lie algebras was considered and 
the solutions were expressed in terms of a new elegant representation (obtained 



by Anderson) |105 |. 



The cosmological solutions may have regimes with; i) spontaneous and dy- 
namical compactifications; ii) Kasner-like and billiard behavior near the singu- 



larity; iii) inflation and izotropization for large times (see, for example, |104, 69||). 

Near the singularity one can have an oscillating behavior like in the well- 
known mixmaster (Bianchi-IX) model. Multidimensional generalizations of this 
model were considered by many authors (see, for example, |2^, |7^, ^ Q). In 
[ [79| |80| , |8l[ | the billiard representation for multidimensional cosmological models 
near the singularity was considered and the criterion for the volume of the bil- 
liard to be finite was established in terms of illumination of the unit sphere by 
point-like sources. For perfect-fluid this was considered in detail in Some in- 
teresting topics related to general (non-homogeneous) situation were considered 
in H. 

Multidimensional cosmological models have a generalization to the case when 



the bulk and shear viscosity of the "fluid" is taken into account [108|. Some 
classes of exact solutions were obtained, in particular nonsingular cosmological 
solutions, generation of mass and entropy in the Universe. 

Multidimensional quantum cosmology based on the Wheeler-DeWitt (WDW) 
equation 

= 0, 

where ^ is the so-called "wave function of the universe" , was treated first in js^ , 
(see also p^). This equation was considered for the vacuum case in and 
integrated in a very special situation of 2-spaces. The WDW equation for the 



cosmological constant and for the "perfect-fluid" was investigated in |68|, 104 1 
and 1^ respectively. 

Exact solutions in 1-component case were considered in detail in [ pTf (for 
perfect fluid). In pO| the multidimensional quantum wormholes were suggested, 
i.e. solutions with a special- type behavior of the wave function (see pSf). 
These solutions were generalized to account for cosmological constant in 



104 [ and to the perfect-fluid case in In the "quantum billiard" was 



obtained for multidimensional WDW solutions near the singularity. It should 
be also noted that the " third-quantized " mu ltidimensional cosmological models 
were considered in several papers [^9| , 102 , . One may point out that in 



all cases when we had classical cosmological solutions in many dimensions, the 
corresponding quantum cosmological solutions were found also. 

Cosmological solutions are closely related to solutions with the spherical sym- 
metry. Moreover, the scheme of obtaining them is very similar to the cosmologi- 
cal approach. The first multidimensional generalization of such type was consid- 
ered by D. Kramer |Q and rediscovered by A.I. Legkii |8|], D.J. Gross and M.J. 
Perry ( and also by Davidson and Owen). In |^l[ the Schwarzschild solu- 
tion was generalized to the case of n internal Ricci-flat spaces and it was shown 
that black hole configuration takes place when scale factors of internal spaces 
are constants. In p3] an analogous generalization of the Tangherlini solution 



[ pO| was obtained. These solutions were also generalized to the electrovacuum 
case [^3[ ^ . In Q multidimensional dilatonic black holes were singled 
out. An interesting theorem was proved in |9j] that "cuts" all non-black- hole 
configurations as non-stable under even monopole perturbations. In the 
extremely-charged dilatonic black hole solution was generalized to multicenter 
(Majumdar-Papapetrou) case when the cosmological constant is non-zero. 

We note that for D = A the pioneering Majumdar-Papapetrou solutions with 
conformal scalar field and electromagnetic field were considered in |161| . 

At present there exists a special interest to the so-called M- and F-theories 
etc. 1^, P, [t] , |j. These theories are " supermembrane" analogues of superstring 
models [p8[ in D = 11, 12 etc. The low-energy limit of these theories leads to 
models governed by the Lagrangian 



£ = R[g] - K^g'^^dMV^dNV^ - ^ exp[2A,(^)](^^'^)^ 

where g is m etric, = dA" arc forms of rank F°- ~ Ha, and ip" are scalar fields. 

In 1 143 1 it was shown that after dimensional reduction on the manifold 
Mq X Ml X ... X Mn and when the composite p-brane ansatz is considered 
the problem is reduced to the gravitating self-interacting cj-model with cer- 
tain constraints imposed. For electric p-branes see also 141 , 142 , |144| (in 
[ |144| the composite electric case was considered). This representation may be 
considered as a powerful tool for obtaining different solutions with intersect- 
ing p-branes (analogs of membranes). In 143 , |l68| the Majumd ar-Papape trou 

and 



type solutions were obtained (for non-composite electric case see |141 



142 



for composite electric case see ]144| ). These solutions correspond to Ricci-flat 
{Mi, g^), i = 1, . . . ,n, and were generalized also to the case of Einstein internal 
spaces [143 . Earlier some special classes of these solutions were considered in 
[|26[ |127|, |124 |146| , |l4^, |l4|]. The obtained solutions take place, when certain 



orthogonality relations (on couplings parameters, dimensions of "branes", total 
dimension) are imposed. In this situation a class of cosmological and spherically- 
symmetric solutions was obtained [166|. Special cases were also considered in 
[ pl0| |15| pi |l|l. The solutions with the horizon were considered in details in 



[131 



149 



150| , 151, |l66t . In [151, 167| some propositions related to i) intercon- 
nection between the Hawking temperature and the singularity behaviour, and 
ii) to multitemporal configurations were proved. 

It should be noted that multidimensional and multitemporal generalizations 



of the Schwarzschild and Tanghcrlini solutions were considered in [|96 , 164 [ , where 
the generalized Newton's formulas in multitemporal case were obtained. 

We note also that there exists a large variety ofToda solutions (open or 



closed) when certain intersection rules are satisfied 1 166 

In 1 166 1 (see also [158|) the Wheeler-DeWitt equation was integrated for 
intersecting p-branes in orthogonal case and corresponding classical solutions 
were obtained also. A slight ly d ifferent approach was suggested in [155|. (For 
non-co mpo s ite c ase see also [154[.) 

In [159, 16£[ exact solutions for multidimensional models with intersecting 



p-branes in case of static internal spaces were obtained. They turned to be de 
Sitter or anti- de Sitter type. Generation of the effective cosmological constant 
and inflation via p-branes was demonstrated there. These solutions may be 
considered as an interesting first step for a quantum description of low-energy 
limits in different super-p-branes theories. 

In this paper we continue our investigations of p-brane solutions (see for 
example |112, 113[ 14S] and references therein) based on sigma-model approach 



[143, 142 



(For pure gravitational sector see [109, 141 



Here we consider a cosmological and/or spherically symmetric case , when 
all functions depend upon one variable (time or radial variable). The model 
under consideration contains several scalar fields and antisymmetric forms and 



is governed by action ( 2.1 



The considered c osmo logical model contains some stringy cosmological mod- 
els (see for example [156[). It may be obtained (at classical level) from multidi- 
mensional cosmological model with perfect fluid [^, ^ as a special case. 

Here we find a family of solutions depending on one variable describing the 
(cosmological or spherically symmetric) "evolution" of (n + 1) Einstein spaces in 
the theory with several scalar fields and forms. When an electro-magnetic com- 
posite p-brane ansatz is adopted the field equations are reduced to the equations 
for Toda-like system. 

In the case when n "internal" spaces are Ricci-flat, one space Mq has a 
non-zero curvature, and all p-branes do not "live" in Mq, we find a family of so- 
lutions (Section 4) to the equations of motio n (eq uivalent to equations for Toda- 
like Lagrangian with zero-energy constraint [ |166| ) if certain block-orthogonality 
relations on p-brane vectors are imposed. These solutions generalize the 
solutions from [166[ with orthogonal set of vectors W. A special class of "block- 
orthogonal" solutions (with coinciding parameters I's inside blocks) was consid- 
ered earlier in |167[. 

Here we consider a subclass of spherically-symmetric solutions (Sect. 5). 
This subclass contains non-extremal p-brane black holes for zero values of " Kas- 
ner-like" parameters. The relation for the Hawking temperature is presented (in 
the black hole case). 

We also calculate Post-Newtonian parameters /3 and 7 (Eddington parame- 
ters) for the spherically-symmetric solutions (Sect. 6). These parameters may 
be useful for possible physical applications. 



2 The model 



Here like in [143[ we consider the model governed by the action 

S= ^ [ d^zv^{i?[g] - 2A - h^p g^'^dMV'^dN^^ 
Jm 



(2.1) 



where g = gnndz^ ® dz^ is the metric (M, N = 1, . . . , D), if = ((^") e H' is 
a vector from dilatonic scalar fields, (ha/s) is a non-degenerate symmetric / x I 
matrix {I e IN), 6*0 = ±1, 



(2.2) 



is a n^-form (n^ > 1) on a D-dimensional manifold M, A is cosmological constant 
and Xa is a 1-form on M': AaCv?) = Aaa^p", a £ A, a = 1, . . . , L In (2^) we 
denote |g| = | det(gA/jv)|, 



Ig - ^Mt...M„^i^Nt...N„J ■■■9 



(2.3) 



a € A, where A is some finite set, and Sgh is the standard Gibbons-Hawking 
boundary term |163|] . In the models with one time all 0a = I when the signature 
of the metric is (—1, . . . , +1). 

The equations of motion corresponding to (2.1) have the following form 



Rmn ~ -^OmnR — Tmn — ^gMN, 



A" 



A[g]^^-y20a^e^^^('^\F- 

^ ^ 71 „ ' 



0, 



aeA 



VMj.gKe^^"^^)^^'^'*'^-^'-) = 0, 



(2.4) 
(2.5) 
(2.6) 



a e A; a = 1, 
(h^p). In Q 



,1. In (O) A;^^ = h°''^Xaf3, where (/i"^) is matrix inverse to 



Tmn = TMN[^,g] + J2 ^ae'^°('^)^M^^[F^ 5] 



aeA 



where 



-^9MNiFX + naFSi 



MM2...M„^^ N 



(2.7) 

(2.8) 
(2.9) 



In ( |2.5| ), (2.6) A [5] and \j[g\ are Laplace-Beltrami and covariant derivative op- 
erators respectively corresponding to g. 
Let us consider the manifold 



with the metric 



Af IR X Mo X . . . X Af„ 



g = w;e2'>'(")du (g) du ^ e^'^'^")^*, 

i=0 



(2.10) 
(2.11) 



where w = ±1, w is a distinguished coordinate which, by convention, will be 
called "time" ; = gln^m {yi)dy^^ ^dy"^^ is a metric on Mj satisfying the equation 

Rm,nAA=^i9Un,^ (2-12) 

m,i,ni = 1, . . . , di; di = dim Mi, = const, i = 0, . . . , n; n € IN. Thus, {Mi,g'^) 
are Einstein spaces. The functions 7,^*: IR are smooth. 

Each manifold Mj is assumed to be oriented and connected, i = 0, . . . ,n. 
Then the volume rfj-form 

n = ^A9Hm)\ dylA...A dyf , (2.13) 

and the signature parameter 

£(i)=signdet(<?;,,„J=±l (2.14) 

are correctly defined for alH = 0, . . . , n. 
Let 

^0 = {0, {0}, {1}, . . . , W, {0, 1}, . . . , {0, 1, . . . , n}} (2.15) 
be a set of all subsets of 

7o = {0,...,n}. (2.16) 
Let I = {ii, . . . , ik} € Oo, ii < . . . < ik- We define a form 

T{I) = Ti,A...An„ (2.17) 

of rank 

d{I) = J2di, (2.18) 

iei 

and a corresponding p-brane submanifold 

Mi = Mi,x ...X Mi„ (2.19) 

where p = d{I) — 1 (dimMj = d{I)). We also define £-symbol 

s{I) = e{h)...s{ik). (2.20) 

For 7 = we put t(0) = e(0) = 1, d(0) = 0. 

For fields of forms we adopt the following "composite electro-magnetic" 
ansatz 

F'' = JF(a,e,/) ^ ^ jr{a,m,J)^ (2.21) 

where 

jr{a,e,I) ^ ^$(a,e,7) ^ ^(j)^ (2.22) 

jr(a,m,J) ^ g-2Aa(¥>) ^ ^(J)^ ^ (2.23) 



aG A, I G lla,e, J € ^a,m and 



(2.24) 



(For empty fla.v = 0, w = e,TO, we put ^ = in (2.21)). In (2.23) * = *[g] is 



the Hodge operator on ( M, g) . 

For the potentials in ( |2.22| ), ( |2.23D we put 

= $"(u), 

s S S*, where 

5 = 5'e U Sm, Sy = UaeA{a} X {v} X f^Q^^, 



(2.25) 



(2.26) 



V — e,m. Here U means the union of non-intersecting sets. The set S consists 
of elements s = {as,Vs, h), where Ug G A, = e,TO and Ig € i^a.v, are "color", 
" electro- magnetic" and "brane" indices, respectively. 
For dilatonic scalar fields we put 



(p"(u), 



(2.27) 



a^l,...,l 

^From ( 2.22 ) and ( 2.23| ) we obtain the relations between dimensions of p- 



brane worldsheets and ranks of forms 

d{I) =na-l, I e na,e, 
d{J)^D-na-l, Jeila,7n, 

in electric and magnetic cases respectively. 



(2.28) 
(2.29) 



3 (j-model representation 



Here, like in |166| , we impose a restriction on p-brane configurations, or, equiv- 
alently, on il.a,v We assume that the energy momentum tensor (Tmn) has a 
block-diagonal structure (as it takes place for (gMN))- Sufficient restrictions on 
fta,v that guarante e a b lock-diagonality of {Tmn) are presented in Appendix 1. 

It follows from ]143| (see Proposition 2 in ||143| ) that the equations of motion 
(U)-(|2!l) and the Bianchi identities 



dT' ^0, seS 



(3.1) 



for the field configuration ( ^.llD , ( |2.2l| )~( ^^ , |2.25| , ( |2.27| ) with the restrictions 
( ^.2| ), (B.3) (from Appendix 1) imposed are equivalent to equations of motion 
for cr-model with the action 



(3.2) 



^ Ss exp[-2C/^((/., ^)](<i>^)2 - 2AA-V(^)|, 



where x = dx/du^ 

n 



i=0 



is the potential with 



and 



7o(</>) = 
J\f = exp(7o ~ 7) > 



is the lapse function, 



(3.3) 

(3.4) 
(3.5) 

(3.6) 
(3.7) 



for s = {as,Vs,Is) G S, e[g] — signdet(gA/Ar), (more explicitly (3.7) reads Eg 
e{Is)9a, for Vs = e and Eg = -e[g]s{Is)Oa^, for Vs = m) 



and 



Xs = +1, -fs = e; 
Xs = "1, Vs^m, 

Gij - d^S^ij - didj 



(3.8) 
(3.9) 

(3.10) 



are components of the "pure cosmological" minisupermetric; i,j — 0,...,n p^ . 
In the electric case 

(jF(a,m,/) ^ 0) for finite internal space volumes Vi the 



action ( |3.2| ) coincides with the action (|2.l| ) if ^» = —w/k^, — KqVq . . . Vn- 
Action (3^) may be also written in the form 

S^^yJ d^^{5ABW'^^^ - 2AA-V(X)} 
where X = {X"^) — {(j)^, $^) e R^, and minisupermetric 

on minisuperspace 



M^M^, N^n+l + l + \S\ 
\S\ is the number of elements in S) is defined by the relation 

/ G„ 



h^p 
V ese-^^'(^)Sss' 



(3.11) 

(3.12) 
(3.13) 

(3.14) 



The minisuperspace metric ( ^.12[ ) may be also written in the form 



where x — {x^) ~ {(fi^^ip"'), 

G = GABdx"^ (g) dx^ = G 



(Gab) = 







ha, 



13 



U^{x) = U^x"^ is defined in (3.6) and 



Here 



is an indicator of i belonging to /. The potential (3.3) reads 



V^ = (-u;A)e^^^(^)+5:^C,rf,e^^^'^\ 

3=0 



where 



C/^(x) = [/>^ = -0^'+7o(<^), 

[/^(x) = (7ix^ = 7o(<^), 
{U\)^{-5l+d,,Ql 
(!7i) = (d,;,0). 



(3.15) 

(3.16) 
(3.17) 

(3.18) 
(3.19) 

(3.20) 



(3.21) 
(3.22) 
(3.23) 
(3.24) 



The integrability of the Lagrange system (3.11) depends upon the scalar 
products of CO- vectors U^, , corresponding to G: 

{U,U') = G^''UaU'b, 



where 



(G 



AB\ 



G'^ 
/i"^' 



is matrix inverse to ( 3.17 ). Here (as in ||52| ) 

S'^ 1 



d,: 2 - Z) ' 

i, j = 0, . . . ,n. These products have the following form 



^ _ 1 



D-1 
D-2' 

iU\U'')^qiIs,Is')+XsXs'Xa^-Xa,,, 



(3.25) 
(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 
(3.31) 



where s = {as,Vs,Is), s' = {as' ,Vs' , Is') & S, 



q{I,J) = d{lnJ) + 



d{I)d{J) 



2-D ' 

Xa ■ Xb = XaaXbph"^ . 



Relations (^)-(|3^) were found in [0 and ( ^!30|) in p3 | 



(3.32) 
(3.33) 



4 Cosmological and spherically 
symmetric solutions 

Here we put the following restrictions on the parameters of the model 

(i) A = 0, 
i.e. the cosmological constant is zero, 

(ii) Co¥^0, = • • • = = 0, 

i.e. one space is curved and others are Ricci-flat, 

(iii) <^ Is, Vs = {as,Vs, e 5", 



(4.1) 
(4.2) 

(4.3) 



i.e. all "brane" manifolds Mj^ (see ( 2.19| )) do not contain Mo. 

We also impose a block-orthogonality restriction on the set of vectors (C/'* , s G 
S). Let 

S^SiU...USk, (4.4) 

Si ^ i — 1, . . . , k, and 

(iv) (^7^ U^') = dils nls')+ "^^[^^"^^^^'^ + XsXs'Xa^a.Xa^,f3h'-^ = 0, (4.5) 



2-D 



for all 



{as,Vs,Is) e Si, s' = {as>,Vs',Is') e 5*^, i ^ j; i,j = 1, , 



,k. 



Relation (4^) means that the set S is a union of k non-intersecting (non-empty) 
subsets Si, . . . ,Sk- According to (|4.5| ) the set of vectors i U^,s G S) has a block- 
orthogonal structure with respect to the scalar product ( |3.25 ), i.e. it splits into 
k mutually orthogonal blocks (C/^, s G 5*^), * = 1, ■ ■ ■ ,k. 
^From (i), (ii) we get for the potential (|3.20|) 



V = -^w£,odoe 



2U°(x) 



where 



1 



(C/^f/*^) = — - KO 
do 



(4.6) 
(4.7) 



(see (HI)). 



/,From (iii) and ( 3.3l| ) we get 



(4.8) 



for all s E S. Thus, the set of co- vectors C/", C/*, s e 5 (belonging to dual space 
(]R"+^+')* ~ ]R "+-^+ ') has also a block-orthogonal structure with respect to the 
scalar product (3.25). 

Here we fix the time gauge as follows 



7 = 70, 7V=1, 



(4.9) 



i.e the harmonic time gauge is used. Then wc obtain the Lagrange system with 
the Lagrangian 

L = ^g^^iX)X^X^-^,^V (4.10) 



and the energy constraint 



(4.11) 



Here we will integrate the Lagrange equations corresponding to the La- 
grangian ( 4.10 ) with the energy-constr aint ( 4.1l|) and hence we will find classical 
exact solutions when the restrictions (8.2), (3.3) from Appendix 1 are imposed. 

The problem of integrability may be simplified if we integrate the Maxwell 
equations (for s & Se) and Bianchi identities (for s G Sm)- 



d_ 

du 



(^exp(-2[/")$' 



where Qs are constants, s £ S. 
Let 







$^ = Qs exp(2(7* 



(4.12) 



(4.13) 



for all s e 5. 

For fixed Q = {Qs ,sGS) the Lagrange equations for t he Lagrangian ( 4.10|) 
corresponding to (cc"*) = (0*,<p"), when equations ( [4.12| ) are substituted are 
equivalent to the Lagrange equations for the Lagrangian 



Lr 



-Gabx^x'' - Vq 



(4.14) 



where 



Vq =V + \Y.^^Q^s^M'^U'{x)], 



(4.15) 



ses 



{Gab) and V a re defined in ( 3.17 ) and (L6) respectively. The zero-energy 
constraint ( 4.11 ) reads 



Gabx^x"" + Vq = 0. 



(4.16) 



When the conditions (i)-(iv) are satisfied exact solutions to Lagrange equa- 
tions corresponding to (4.14) with the potential (4.15) and V from (4.6) could 
be readily obtained using the relations from Appendix 2. 

The solutions read: 



ln\foiu)\-J2vs'y^sU'^^n\Uu)\ + 



Functions /o and fs in ( [4.17D arc the following: 

fo{u) = |Co(rfo- l)P^^s(w-uo,Ko,C'o) = 

1/2 



Co(rfo - 


1) 


Co 




Co(rfo - 


1) 


Co 




^a{do - 


1) 


Co 



1/2 



sinh(-\/ Co(w — uq)), Cq > 0, ^qw > 0; 
sin( v1Co|(w - uo)), Co < 0, £,ow > 0; 



1/2 



cosh(vCo(w - uq)), Co > 0, S,ow < 0; 
Mdo - l)r^' {u - uo), Co = 0, ^ow > 0, 



and 



fsiu) 



\Qs 



■s{u- Us,-r]ses,Cs) 



\Qs 



Ws\\Cs\'/' 

\Qs\ 

Ws\\Cs\'/' 

\Qs\ 

Ws\\Cs\'/' 



sinh(vCs(u- Us)), Cs > 0, risSs < 
sin(\/|Cs|(u - Us)), Cs < 0, TjsSs < 
cosh(v/C^(w - Us)), Cs > 0, rjsSs > 



(m - Us), Cs = 0, ris£s < 0, 



(4.17) 

(4.18) 
(4.19) 

(4.20) 

(4.21) 
(4.22) 

(4.23) 
(4.24) 
(4.25) 
(4.26) 
(4.27) 



where Co, Cs, uo, Us are constants, s G S*. The function s{u,^, C) is defined in 
Appendix 2. 

The parameters rjs = ±1, 7^ 0, s e 5, satisfy the relations 



Y,{u^u'^')vs'iyl = h 



(4.28) 



for all s e 5, with scalar products (t/*, ) defined in (3.30). 
The constants Cs, Us are coinciding inside blocks: 



Ce Co' , 



(4.29) 



s,s' € Si, i = (see relation ( 9.13| ) from Appendix 2). The ratios 

EsQI/ {rjsvl) are also coinsiding inside blocks, or, equivalently. 



Eslls = Ss'Vs' 



(4.30) 
(4.31) 



s, s' e S'i, i = 1, . . . , fc. Here we used the relations ( 4.7 ) , (^ ). 
The contravariant components C/'""^ = G^^Ug are [ 166 



do 



■' U — I 



Using (|t]), (g^, ( p3| ) and ( p2| ) we obtain 



1-do 



djls) 
D-2 



ln\fs\+c'u + c' 



and 



(4.32) 
(4.33) 

(4.34) 
(4.35) 



a = 1, . . . ,1. 



V ectors c = (c^) and c = (c^) satisfy the linear constraint relations (see 
(p^) in Appendix 2) 



f/°(c-) = [/^c- 



0;;^! _ J) 



se S. The (Q reads 
do 



70 (0) = 



ses 



The zero-energy constraint reads (see Appendix 2) 



(4.36) 

(4.37) 
(4.38) 
(4.39) 

(4.40) 
(4.41) 



where Eq = Co{U° ,U°)-^ /2, E., = Cs{risvl)l2. Using relations ( ^lo| ), ( |3l7| ) 
(O) and ([4.36D we rewrite (f4.4l|) as 



Co-^ = '^^"sVs + KpC^cP + ^ d,(c')2 + -— - ^ . (4.42) 



^From relation 

exp(2(7^) = (4.43) 
following from (|^, (U), ( p^ ), ( |4.3^ ) and ( [4.39| ) we get for electric- type forms 

(Hi) 

= Q./7'c;^At(/,), (4.44) 
s € 5*6, and for magnetic- type forms ( |2.23 ) 

j:s ^ g-2Ajc,) ^ [g ^ ^(j^)] = Q^r{h), (4.45) 

s e 5m, where Qs — Qs£iIs)fJ'iIs)w and fi{I) — ±1 is defined by the relation 



li{I)du A t(/o) = t(/) a du a t{I). The relation (4.45) follows from the formula 



(5.26) from [143| (for 7 = 70 



Relations for the metric follows from (4.34) and (4.40) 



9 = (Wf!{u)r^'^'^ 



ses 



u+2c gi 



i=l ses 



Thus, here we obtained the "block-orthogonal" generalization of the solution 
from |166|. This solution describes the evolution of n -I- 1 spaces (Mq, go), ... , 
(M„, gn), where (Mq, go) is an Einstein space of non-zero curvature, and {Mi, g^) 
are "internal" Ricci-flat spaces, i = l,...,n; in the p resen ce of se v eral scalar 
fields and forms. The solution i s pre se nted by relations ( 4.35 ), ( 4.44 )-( 4.46 ) with 
the functions /o, fs defined in ( 4.18 )-( 4.27 ) and the relations on the parameters 
of so lut ions c^ , { A = i, a), C q, Cg, Ug, Qs , Vs, i^s {s € S) imposed in 
(|;2|)-(||l|), (||6l)-(p|), (yl), respectively. 

This solution describes a set of charged (by forms) overlapping p-branes {ps = 
d{Is) — 1, s G S) "living" on submanifolds (isomorphic to) M/^ ( 2.19|) , where the 
sets Is do not contain 0, i.e. all p-branes live in "internal" Ricci-flat spaces. 

The solution is valid if the dimensions of p-branes and dilatonic coupling 
vector satisfy the relations (4.5). In "orthogonal" non-composite case these 
solutions were considered in |154, 153| (electric case) and [151| (electro-magnetic 
case). For n = 1 see also [ |156| , 13C|. In block-orthogonal (non-composite) case a 
special class of solutions with v'^ coinciding inside blocks was considered earlier 
in |l67|| . 



5 Spherically symmetric and black hole 
solutions 



Here we consider the spherically symmetric case 

w^l, Mo -5*, g'^dnl, (5.1) 

where d^l^^ is the canonical metric on a unit sphere S'^°, d> 2. We also assume 
that 

Ml = M, = -dt (g) dt (5.2) 
(here Mi is a time manifold) and 

l£ls, yseS, (5.3) 

i. e. all p-branes have a common time direction t. 
For integration constants we put c"^ — 0, 

= fl{b^ - b^), (5.4) 

b^^flY.v^i^rU'^-f^^i' (5.5) 

res 

Co=/2^ (5.6) 

Cs = > 0, (5.7) 

where j2> 0, S = {0}U S and riavi = (C/", C/")-i. 

The only essential restrictions imposed are the inequalities Co,Cs > that 
cut a subclass in the class of solutions from Section 4. This subclass contains 
non-extremal black hole solutions and its " Kasner-like" (non-black- hole) defor- 
mations. For extremal black hole solutions one should consider the special case 
Cq = Cs = 0. (For extremal black hole solutions and its multicenter generaliza- 
tions see |168|.) 

Due to ( 4.29| ) the parameters bg, s & S, are coinciding inside blocks: 

bs^bs', (5.8) 

5,5 ^ S-i^ % 1 , . . . , . 

It may be verified that the restrictions ( 4.36 ) and ( 4.38 ) are satisfied identi- 
cally if and only if 

n 

[/"(&) = U\b^ = + djV = 1, (5.9) 



W{b) = U%b^ - - X.Aa,a6" = 1, (5.10) 



ieis 



se S. This follows from identities U°{b) = 1 and f/"(6) = 1, s e S. 



Relation reads 



n 1 / " \ ^ W 

sSS i=l ° \i=l ) ° 



where the relation (equivalent to (^^) ) 

1 



6° 



(5.12) 



is used. 

Now we rewrite a solution (under restrictions imposed) in a so-called " Kasner- 
like" form that is more suitable for analysing the behaviour at large distances 
and for singling out the black hole solutions. For this reason we introduce a new 
radial variable i? — R{u) by relations 



exp(— 2/iu) = 1 — -j^, ^ — fi/d > 0, d — do — 1, 



u> 0, R'^ > 2/i. For the fimction 



fsiu) 



\Qs 



-[exp{fibs{u - Us)) +risSs exp(-^5s(M- Us))] 



we put the restriction /^(O) = 1, or, equivalently, 
exp(-/i6sUs) + risSs enpiftbsUs) 



(5.13) 



(5.14) 



(5.15) 



This restriction guarantees the asymptotical flatness of the (2 + (io)-dimensional 
section of the metric in the limit R +oo (or, when, u — > +0)). It follows from 
( p. 15 ) that Us < for r]ses = —1. In any case fsiu) > for u > 0. 

Then, solutions for the metric and scalar fields (see ( 4.35| ), (4.46)) may be 
written as follows 



9 = 



ses 



-^dR®dR + R^F"' dni 



(5.16) 



where 



i=2 ses 

(p" = ^ Vsi^hsK^ In Hs + \b" In F, 

F^l-% 

Hs=HsF^'-''^'\ 
{l-F^') 



Hs = l + Ps 



2fibs 



(5.17) 

(5.18) 
(5.19) 
(5.20) 



d\iys 



■ exp(^Us) > 0, 



(5.21) 
(5.22) 



s e 5*. Due to ( 4.2E )-( 4.31 ) parameters Pg and Pg are coinciding inside blocks: 



Pfi — Pg' 



P. = 



(5.23) 



s, s' d Si, i — 1, . . . , k. Parameters bs are also coinciding inside blocks, see (5.8). 
Parameters bs,b^, b" obey the relatio ns (^.10)-(^.12 ). 
The fields of forms are given by ( |2.22[ ), ( |2.2^ )~with 



p1 



1 - PsHs 



2^bs 



s e 5. It follows from (5.15), (5.20), (5.21) and (5.26) that 



{P',f = Ps{Ps + 2bsil) - -SsVsPsiPs + 2bstl), 



(5.24) 

(5.25) 
(5.26) 

(5.27) 



s G S. This relation is self-consistent, i.e. its left- and right-hand sides have the 
same sign, since due to ( 5.15| ) and ( 5.22| ) 

Ps < 2iibs (5.28) 

for £^77^ = -1-1 and hence 

Ps > -2b,fi, (5.29) 

for all s G S. 



5.1 Black hole solutions 

Here we show that the black hole solution ibom |168| may be obtained from our 



spherically-symmetric solutions (5.1(;)-(5.27) when 

b^ = b, = 1, b' = b°'= 0, 



(5.30) 



s G S, i — 0,2, . . . ,n, a — 1, . . . ,1. 

Under relations (5.30) imposed the metric and scalar fields ( 5.161 ) and (5.17) 
read 



ses 



dR®dR 
1 - 2^1/ 



R^dnl (5.31) 



ses 



2/i 



i-f,jdt^dt + Y.[]l^s 

^ 1=2 ses 



-2rul^^,S^I,']^^^i 



^'^ ^Y.'^^'^sXsXllnHs, (5.32) 



where fj. > 0, R''' > 2fi and 



(5.33) 



Ps 7^ 0, s G S*. Parameters Ps are coinciding inside blocks (see (5.23)). 
The fields of forms are given by ( |2.22D , ( |2.23| ) with 



h: 



p. 



p. 



R'i + Ps- p: 



s e S. Here 
and 



(PJ2 = -£s?7.Ps(Ps +2Ai), 



es?7sPs < 0, 



(5.34) 
(5.35) 

(5.36) 

(5.37) 



s e S*. Parameters Vg satisfy relations (4.28). 

The solution obtained describes non-extremal charged p-brane black holes 
with block-orthogonal intersection rules. The exteriour horizon corresponds to 
R^ 2/z. 

Let 



(5.38) 



s d S. This restriction is satisfied in orthogonal case, when pseudo-Euclidean 
p-branes in a space-time of pseudo-Euclidean signature are con side red (in this 
case all e(/s) = —1, e[g] = —1), all 9s — +1 in the action ( |2.l| ) and r/s ~ 
sign(^7^[/^) = +1). 

Under restrictions (5.38) imposed our solutions agree with the solutions with 
orthogonal intersection rules ^from Refs. |131], |14£], |150| (di = . . . = (i„ = 1, 
rjs = +1), |l5l[ (r]s — -f 1, non-composite case) and block-orthogonal ones from 
[ [167| (for Vs coinciding inside blocks). 

Hawking temperature. The Hawking temperature corresponding to the 
solution is (see also [151, |150||) 



47r(2/i)i/d 



i/d n 



2n 



(5.39) 



For fixed Pg > (es% = — 1) and ^ 
black hole configurations |]l68t satisfying 



2^l + Ps 

we get Th (/i) for the extremal 



ses 



(5.40) 



6 Post-Newtonian approximation 

Let do = 2. Here we consider the 4-diniensional section of the metric ( ^.16 ) 

g^'^'> ^ul^F''°-^dR(^dR + F^°R^dnl-UiF'''dt(»dt^, (6.1) 
where F ^1- {2fi/R), and 

U^Y[H^^^'^('^)'^'J(''-'\ (6.2) 
ses 

C/i = n^«~"'"% (6-3) 



ses 

R > 2fi. 

We may suppose that some real astrophysic al o bjects (e.g. stars) are de- 
scribed by the 4-dimensional "physical" metric (|6.l|) , i.e. they are "traces" of 
extended multidimensional objects (charged p-branes). 

Introducing a new radial variable p by the relation 

\ 2 



R = p[l + r.] , (6.4) 



(p > /i/2), we rewrite the metric (3.1) in a 3-dimensional conformally-flat form 
g*-^^ ^ul^-UiF'''dt®dt + F'''' (^1 + -^^ Sijdx' ^dx^'^, (6.5) 

where = |a;p = SijX^x^ — 1,2,3). 

For possible physical applications we should calculate the post-Newtonian 
parameters /3 and 7 (Eddington parameters) using the following relations (see, 
for example, [170| and references therein) 

g^o"^ ^-{l-2V + 2pV')+0{V'), (6.7) 
gl^^ ^S,,il + 2^V)+OiV'), (6.8) 



i,j = 1, 2, 3, where 



V = ^ (6.9) 

P 



is the Newton's potential, G is the gravitational constant, M is the gravitational 
mass. ^From (3.5)-(|6j|) we get 



and for GM ^ 



(3-1 = 



1 



2{GMy 



sGS 



7-1 = - 



GM 



+ h'-l) + Y, Vsvl[Ps + {hs - l)/i] ( 1 - 2 



D -2 

djls 
D- 



re.u) 



(.6.12) 



It follows from ( ^.27D , ( |6.1lD and the inequalities d{Is) < D-2 (for all s e S") 
that the following inequalities take place 



/3 > 1, if all Es = -1, 
/3 < 1, if all Es = +1. 



(6.13) 
(6.14) 



There exists a large variety of configurations with (3=1 when the relation 
£5 = const is broken. 

There exist also non-trivial p-brane configurations with 7 = 1. 

Proposition. Let the set of p-branes consist of several pairs of electric and 
magnetic brancs. Let any such pair (s, s € S) correspond to the same colour 
index, i.e. as = ag, and = Pg, bg = rjsiy^ = rjsVg. Then for 6" + 6^ = 1 we 
get 



7=1. 



(6.15) 



The Proposi tion c an be read ily proved using the relation d{Is)+d{Is) = D—2, 
following from (|2.28|) and (|2.29| ). 

Observational restrictions. The observations in the solar system give the 
tight constraints on the Eddington parameters |170| 



(6.16) 
(6.17) 



7 = 1.000 ±0.002 
/3 = 0.9998 ± 0.0006. 



The first restriction is a result of the Viking time-delay experiment ]171| . The 
second restriction follows from (3.16) and the analysis of the laser ranging data 
to the Moon. In this case a high precision test based on the calculation of the 
combination (4/9 — 7 — 3) appearing in the Nordtvedt effect |173| is used |172|. 
We note, that as it was pointed in | [170{ the "classic" tests of general relativity, 
i.e. the Mercury-perihelion and light deflection tests, are somewhat outdated. 

For small enough ps = Pg/GM, 6s — 1, 6^ — 1, 6* (z > 1) of the same order 
we get GM ~ /x and hence 



ses 



1 ^ -6" - + 1 - ^ r^si/f [ps + (6s - 1)] ( 1 - 2 



D-2 

djls) 
'D-2 



(6.18) 
(6.19) 



i.e. /? — 1 and 7 — 1 are of the same order. Thus for small enough ps, bs — 1, 



6^ — 1, 6* (i > 1) it is possible to fit the "solar system" restrictions (6.16) and 

There exists also another possibility to satisfy these restrictions. 
One brane case. Let us consider a special case of one p-brane. In this case 
we have 

Vs>^;'-diL)(l-^]+X^ (6.20) 



Relations ( |6.1l| ), ( |6.12| ) and ( |6.20D imply that for large enough values of (dilatonic 



coupling constant squared) A'^ and 6° + 6^ = 1 it is possible to perform the " fine 
tuning" the parameters (/3,7) near the point (1, 1) even if the parameters Pg 
are big. 

7 Conclusions 

In this paper we obtained exact solutions to Einstein equations for the multi- 
dimensional cosmological model describing the evolution of n Ricci-flat spaces 
and one Einstein space Mq of non-zero curvature in the presence of composite 
electro-magnetic p-branes. The solutions were obtained in the block-orthogonal 
case ([l.5|), whenp-branes do not "live" in Mq. We also considered the spherically- 



symmetric solutions containing non-extremal p-brane black holes 1 167, 168|. The 
relations for post-Newtonian parameters /3 and 7 are obtained. 
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Appendix 1: Restrictions on p-brane configura- 
tions 



Restrictions on fla^v |166 . Let 



wi = {i\ie{0,...,n}, d,^l}. (8.1) 

The set wi describes all 1-dimensional manifolds among Mi (i > 0). We impose 
the following restrictions on the sets ^a,v ( |^.24 ): 



W^,{na.v)=9, (8.2) 

a G A; V = e,m; i,j G wi, i < j and 

l¥j'^(r!,,„,r!,,e) =0, (8.3) 

a G A; j G wi. Here 

w,j{n,) = {{i,j)\i,j en,, I ^{i}u{inj), j = {j}u{inj)}, (8.4) 



i,j G wi, i ^ j, C flo and 



W^^\na,m, ^a.e) = {(/, J) £ ^a.,n X - {j} □ J}, (8.5) 



j e wi. In (3.5) 



/ = /o \ / (8.6) 

is "dual" set, (/q = {0, 1, . . . , n}). 



The restrictions ( |8.2| ) and ( |8.3| ) are trivially satisfied when ni < 1 and ni = 
respectively, where ni = jwij is the number of 1-dimensional manifolds among 
Mi. They are also satisfied in the non-composite case when all \^la,v\ = 1- For 
ni > 2 and ni > 1, respectively, these restrictions forbid certain pairs of two 
p-branes, corresponding to the same form F°',a G A: 



Appendix 2: Solutions with 
block-orthogonal set of vectors 

Let 

L ^ ^ < x,x > - "^As exp(2 < bs,x >) (9.1) 

sGS 

be a Lagrangian, defined onV xV, where y is a n-dimensional vector space over 
Wi, As ^ 0, s G S; S ^ 9, and < •, • > is a non-degenerate real- valued quadratic 
form on V. Let 



S^SiU...USk, (9.2) 

all 5, ^ 0, and 

<6„6,. >=0, (9.3) 

for all s G Si, s' G Sj, i ^ j; i, j — 1, . . . ,k. 

Let us suppose that there exists a set /i^ G H, /is ^ 0, s G S, such that 

^ < 6s,6s' > /is' = -1, (9.4) 

for all s e 5, and 

s, s' G Si, i = 1, . . . ,k, (the ratio Ag/hs is constant inside Si). 
Then, the Euler-Lagrange equations for the Lagrangian ( ^.1[ ) 

X + ^2As&sexp(2 < 6,.,a; >) = 0, (9.6) 
se5 



have the following special solutions 
x{t) = X! ^"^^ 



ses 



2A. 



+ at + (3, 



where a, P G V, 

< a,bs >=< P,bs >= 0, 
s €z S, and functions ys{t) 7^ satisfy the equations 



d 
di 



-idys 
dt 



with 



6=sign(^), 



s € S, and coincide inside blocks: 

ys{t) = Vs'it), 
s, s' £ Si, i = 1, . . . ,k. More explicitly 

where constants is , G IR coincide inside blocks 

s, s' £ Si, i ~ 1, . . . , k, and 



sm{tV^), C = +1, C <0; 



-C 



t,^^+l, C = 0; 
cosh{tVC), e = -1, C > 0. 



For the energy 



E = ^ < x,x > + '^As exp(2 < bs,x >) 



corresponding to the solution (PJ) we have 



E 



(9.7) 

(9.8) 

(9.9) 

(9.10) 

(9.11) 
(9.12) 
(9.13) 

(9.14) 

(9.15) 
(9.16) 
(9.17) 

(9.18) 
(9.19) 



For dual vectors G V* defined as u^{x) =< bs,x >, Vx S V, we have 
< u^,u^ >^—< bs,bi >, where < •, • >* is dual form on V* . The orthogonality 
conditions (9^) read 

u'{a) = u'{(3) = 0, (9.20) 

s e 5*. 
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